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An Ising model on the kagome lattice with superexchange interactions is solved exactly under the presence
of a nonzero external magnetic field. The model generalizes the superexchange model introduced by Fisher in
1960 and is analyzed in light of a free-fermion model. We deduce the critical condition and present detailed
analyses of its thermodynamic and magnetic properties. The system is found to exhibit a second-order transi-
tion with logarithmic singularities at criticality.
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I. INTRODUCTION

The Ising model in a nonzero magnetic field is a well-
known unsolved problem in statistical mechanics. In 1960,
Fisher f1g produced a remarkable solution of a superex-
change antiferromagnetic Ising model in the presence of a
nonzero field. The Fisher model is defined on a decorated
square lattice where there is an external magnetic field ap-
plied to decorating spins which interact via superexchange
interactions.

In this paper we consider similar superexchange models
on the kagome lattice. The kagome lattice has been of inter-
est in recent years in the role it plays in the high-Tc super-
conductivity. It has been known that special cases of the
kagome Ising model are soluble in the presence of a mag-
netic field f2,3g. The structure of the ferrimagnet
SrCr8Ga4O19, for example, is found to consist of two-
dimensional, spinelskagomed slabsf4g with magnetic spins
residing at 1/3 of the lattice sites. Thus it is of interest to
consider models with similar structures. Azaria and Giaco-
mini f5g have extended the Fisher model by considering the
kagome lattice shown in Fig. 1sad, which reduces to the
Fisher model upon settingK1=0. They obtained its partition
function from which the phase diagram is deduced. But there
has been no detailed discussion of its thermodynamic prop-
erties. Here, we consider yet another extension of the Fisher
model to a kagome lattice as shown in Fig. 1sbd. We show
that the partition function of this model is identical to the
Azaria and Giacomini solutionf5g. We present detailed
analyses of the thermodynamics of the solution which was
not done inf5g.

Consider an Ising model shown in Fig. 1sbd with an inter-
action energy

− J1s1s2 + Jss2s3 − s3s1d

around every triangle formed by spinss1,s2,s3. Introduce
reduced interactionsK=bJ, K1=bJ1, whereb=1/kT, such
that K ,K1.0 indicate ferromagnetic interactions. In addi-
tion, there is an external magnetic fieldH applied to 2/3 of
the lattice sites denoted by solid circles. We denote the re-
duced field byL=H /kT. As a result, the magnetic spins in-
teract with a superexchange interaction via intermediate non-

magnetic spins. It is clear that there is no loss of generality to
restrict considerations to

H,J ù 0 or L,K ù 0.

For K1=0 the model reduces to the Fisher model for the
square lattice. ForK1Þ0 the present model is more general
and differs from the Fisher model in a fundamental way as
described in Sec. II below.

Our main result is a closed-form solution of the partition
function and detailed analyses of thermodynamic and mag-
netic properties. In Sec. II we deduce the solution using a
combination of star-triangle and decimation transformations.
The phase diagram is analyzed in Sec. III. In Secs. IV–VI the
internal energy, specific heat, magnetization, and susceptibil-
ity are analyzed using a free-fermion model formulationf6g.

II. THE PARTITION FUNCTION

Denote the partition function of the kagome Ising lattice
in Fig. 1sbd by ZKGsK ,K1,Ld. Our main result is an equiva-
lence ofZKGsK ,K1,Ld to the partition function of a honey-
comb Ising model in zero field, a result which renders the
model soluble.

This equivalence is established by effecting a sequence of
spin transformations. First, we carry out a star-triangle trans-
formation for every triangular face as shown in the first line
in Fig. 2. This converts the kagome lattice to a decorated
honeycomb lattice. Next the decorating spins are decimated
as shown in the second and third lines in Fig. 2, and the
lattice is reduced to that of a honeycomb. The crux of matter
is that the external fieldsL1 and −L1 induced in the second
step cancel out at the end. As a result, the final honeycomb
lattice hasno external field and is soluble. It has reduced
interactionsR,R, andR1 in the three principal directions.

The transformations shown in Fig. 2 are standardf7,8g.
For the transformation in the first line in Fig. 2, we have

e−2K−K1 = 2F1coshsG1 + 2Gd, s1d

e2K−K1 = 2F1coshsG1 − 2Gd, s2d
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eK1 = 2F1coshG1, s3d

from which we can solveG and G1 in terms ofK and K1.
Divide the sum and difference of Eqs.s1d ands2d by Eq.s3d,
we obtain, respectively,

cosh 2G = e−2K1cosh 2K, s4d

tanhG1 = −
e−2K1sinh 2K

sinh 2G
. s5d

We also obtain

F1
4 = f16 cosh2G1coshsG1 + 2GdcoshsG1 − 2Gdg−1. s6d

Now K.0 andK1 is real, so Eqs.s4d ands5d show that there
are two regimes

e−2K1cosh 2K . 1, regime I,

e−2K1cosh 2K , 1, regime II, s7d

and G and G1 are real in regime I and purely imaginary in
regime II.

For the transformation in the second line in Fig. 2, we
have

2 cosh 2G1 = F2e
R1,

2 = F2e
−R1, s8d

from which we obtain

F2
2 = 4 cosh 2G1, s9d

e2R1 = cosh 2G1 =
e−4K1cosh 4K − 1

e−4K1 − 1
, s10d

where the last step is obtained after making use of Eq.s4d.
Equations10d shows thatR1 is real, andR1.0 in regime I
andR1,0 in regime II.

For the transformation in the third line in Fig. 2, we have

2 coshsL + 2Gd = F3e
−R+2L1, s11d

2 coshsL − 2Gd = F3e
−R−2L1, s12d

2 coshL = F3e
R, s13d

from which we obtain

e−4R =
coshsL + 2GdcoshsL − 2Gd

cosh2L
= 1 +

sinh22G

cosh2L

=
e−4K1cosh22K + sinh2L

cosh2L
, s14d

e4L1 =
coshsL + 2Gd
coshsL − 2Gd

, s15d

F3
4 = 16 cosh2L coshsL + 2GdcoshsL − 2Gd. s16d

Thus,R is always real, and we have

R, 0, R1 . 0, G,G1,L1 real, regime I,

R. 0, R1 , 0, G,G1,L1 imaginery, regime II.

s17d

This says thatR andR1 have opposite signs. In the solution
obtained by Azaria and Giacominif5g, the final equivalent
honeycomb Ising model is identical with ours except the
replacement ofR by −R. As we shall see in Eq.s21d below,
the negations ofR and/or R1 do not affect the solution.
Therefore, the two solutions are identical and this establishes
that the two models in Figs. 1sad and 1sbd are equivalent. In
fact, by inverting spins surrounding the up-pointingsor
down-pointingd triangular faces in every other row, the two
models are transformed directly into each other.

Combining Eqs.s6d, s9d, ands16d, and after some reduc-
tion, we obtain

F4 = F1
4F2

4F3
2 =

4 cosh2Lse4K1sinh2L + cosh22Kd
cosh2R1

. s18d

Now the fieldL1 at the decorating sites is canceledf9g and
we arrive at the final equivalence

FIG. 1. sad and sbd are two soluble kagome
lattice Ising models in a magnetic field. Solid
circles denote magnetic spins and open circles
nonmagnetic spins. Both models are mapped to a
honeycomb Ising lattice without a field shown in
scd. FN is an overall factor.

FIG. 2. Transformations used in deducing the mapping shown in
Fig. 1. Fi, i =1, 2, 3, are constants.
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ZKGsK,K1,Ld = FNZHCfRsLd,R1g s19d

whereZHCfRsLd ,R1g is the partition function of the honey-
comb Ising lattice. Here,N is the number of triangular faces
sor the number of magnetic spinsd of the kagome lattice,
which is also the number of honeycomb lattice sites. Note
that theL dependence is only inR.

The transformations19d reduces to that of Fisher for the
square lattice after settingK1=0sR1=`d. But our model dif-
fers from the Fisher model in a crucial aspect: The Fisher
model results in a square lattice whose sites are the decorat-
ing sites of the original lattice, whereas in the present model
all sites of the original kagome lattice disappear at the end.
Thus the ordering of the honeycomb lattice bears no direct
relationship to that of the kagome lattice. In addition, while
there are no frustrated plaquettes in the Fisher model, in the
K1.0 model all triangular faces are frustrated.

Introduce theper magnetic spinfree energy

fKGsK,K1,Ld = lim
N→`

N−1ln ZKGsK,K1,Ld

and the per site honeycomb lattice free energy

fHCsR,R1d = lim
N→`

N−1ln ZHCsR,R1d. s20d

Taking theN→` limit of Eq. s19d and making use of the
explicit expression offHC given in f8,10g, we obtain for the
kagome Ising model,

fKGsK,K1,Ld = ln F + fHCsR,R1d = ln F +
3

4
ln 2

+
1

16p2E
0

2p

du df ln Jsu,fd s21d

where

Jsu,fd = cosh 2R1cosh22R+ 1 − sinh22Rcossu + fd

− sinh 2R1sinh 2Rscosu + cosfd. s22d

Note that the negation of eitherR or R1 corresponds to
changingu→p−u ,f→p−f in Eq. s22d which does not
change the free energyfKG.

As a check, we recover the Fisher solutionf1g upon set-
ting K1=0 or R1→`:

fKGsK,0,Ld =
3

2
ln 2 +

1

4
lnfcosh2Lssinh2L + cosh22Kdg

+
1

16p2E
0

2p

du df lnfcosh22R− sinh 2Rscosu

+ cosfdg s23d

with e−4R=ssinh2L+cosh22Kd /cosh2L.
The internal energy and magnetization per magnetic spin

are, respectively,

UsK,K1,Ld = −
]

]b
fKGsK,K1,Ld, s24d

MsK,K1,Ld =
]

]L
fKGsK,K1,Ld. s25d

The specific heat and susceptibility are further computed as

CHsK,K1,Ld =
]

]T
UsK,K1,Ld, s26d

xsK,K1,Ld =
]

]H
MsK,K1,Ld. s27d

III. THE PHASE DIAGRAM

The integral in the free energyfKG is precisely of the form
of that of the free-fermion model discussed by Fan and Wu
f6g for which the critical condition issfor RR1,0d

Jsp,pd = 0. s28d

Alternately, the critical point for an anisotropic honeycomb
Ising lattice has been given inf10g as C1C2C3+1=S1S2
+S2S3+S3S1 whereCi =cosh 2Ri, Si =sinhu2Riu, i =1, 2, 3. It
is also given by the expressionv1=v2+v3+v4 f6g where the
v’s are given in the next section. Using any of these expres-
sions, we obtain the critical condition

sinhf2RsLdg = − cothR1. s29d

Explicitly, Eq. s29d reads

cosh2L =
1

2
fÎ1 + tanh2R1 − 1g 3 se−4K1cosh22K − 1d,

T = TcsHd, s30d

which can be realized only in regime I andK1øK, or g
ø1 ssee belowd. Note that forK1=0 Eq.s30d reduces to the
Fisher expression

coshL = ÎsÎ2 − 1d/2 sinh 2K. s31d

It can be verified that we have

usinh 2RsLdu , ucothR1u, T . TcsHd. s32d

Introduce the parameters

a = L/2K = H/2J . 0,

g = J1/J = K1/K, s33d

such thatg.0 indicatesJ1 is ferromagnetic, and consider
the phase diagrams30d in the ha ,1 /Kj plane, where 1/K is
the temperature. The phase diagram is plotted in Fig. 3 for
different fixed values ofg.

At low temperatures the phase boundary behaves as

a = 1 −g −
1

4K
ln 2sÎ2 + 1d s34d

with an initial slope independent ofg. Solving Eq.s30d for g
at H=0, we obtain
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g =
1

2Kc
f2 lnssinh 2Kcd − lns2 cosh 2Kcdg. s35d

We see thatTcs0d decreases with increasingg, reaching
Tcs0d=0 at g=1. It follows that there is no transition when

g ù 1, or K1 ù K s36d

as aforementioned. This can be understood physically since,
in the limit of g→`, the nonmagnetic spins can assume
values ±1 randomly and there is no ordered state.

For smallH Eq. s30d is expanded as

TcsHd = Tcs0d − CH2, s37d

whereC is a constant given by

C−1 = kJF32s16 − 24t4 + t8d
t9s4 + 4t2 − t4d

+
16s− 4g + 4t + t5d

16 − t8
G

with t=tanh 2J/kTcs0d.
To determine the nature of regimes in the phase diagram,

we consider the ground state. At zero temperature the
kagome lattice can assume two ordered states.

sid All magnetic spins are aligned in the same direction
with the total energy

U1 = − Ns2a + gdJ s38d

independent of the spin directions of the nonmagnetic spins.
Since theN/2 nonmagnetic spins can point in any direction,
the entropy of this ground state is12Nk ln 2.

sii d The magnetic spins connected by interactions −J as-
sume the value +1sor −1d and those connected by interac-
tions +J assume the value −1sor +1d, while all nonmagnetic
spins are fixed at +1sor −1d. This forms a superexchange
antiferromagnetic state with the energy

U2 = − Ns2 − gdJ, s39d

and the ground state is twofold degenerate with zero entropy
in the thermodynamic limit.

ComparingU1 with U2, for a.1−g which is the regime
to the “exterior” of the critical curves30d, we haveU1,U2,
indicating the system is paramagnetic. Fora,1−g, which is
the regime enclosed by the critical curve, we haveU1.U2,
and the system assumes a superexchange antiferromagnetic
ordering.

IV. THERMODYNAMIC PROPERTIES

In this and subsequent sections we carry out a detailed
analysis of the thermodynamics of the partition function,
which was not done inf5g.

To analyze the thermodynamic and magnetic properties
given by Eqs.s24d–s27d, we make use of the results off6g.
Writing Eq. s22d in the form of Eq.s16d of f6g, we have

Jsu,fd = 2a + 2b cosu + 2c cosf + 2d cossu + fd,

s40d

with

a = cosh 2R1cosh22R+ 1 =
1

2
sv1

2 + v2
2 + v3

2 + v4
2d,

b = − sinh 2R1sinh 2R= v1v3 − v2v4,

c = − sinh 2R1sinh 2R= v1v4 − v12v3,

d = − sinh22R= v3v4 − v1v2, s41d

or

v1 = coshs2R− R1d,

v2 = coshs2R+ R1d,

v3 = v4 = coshR1. s42d

Using Eq. s42d we compute the parametershx,y,zj intro-
duced inf6g as

x = v1v4 − v2v3 = − sinh 2Rsinh 2R1,

y =
1

2
sv1

2 − v2
2 − v3

2 + v4
2d = −

1

2
sinh 4Rsinh 2R1,

z= v1v4 + v2v3 = 2 cosh 2Rcosh2R1. s43d

Here we have reversed the sign ofx from f6g to makex
.0. This is permitted since onlyx2 appears in the ensuing
discussions. The critical conditions29d is equivalent toy=z
and we have the regimes

y . z. x . 0, T , TcsHd,

z. y . x . 0, T . TcsHd. s44d

It was established inf6g that derivatives of the free energy
are best computed by first carrying out onefold integration.
Adopting the notations inf6g, we obtain after differentiating
s21d the expression

FIG. 3. Phase boundary in thea−1/K plane for fixed values of
g. 1 /K is the temperature in units ofJ/k.
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ffKGsK,K1,Ldg8 = C0 + C1I1 + C2I2 + C3I3, s45d

where the prime denotes the derivative with respect to some
variable such asT andH,

C0 =5
F8

F
+

b8

4b
,uR1u . uRusb2 . d2d,

F8

F
+

d8

4d
,uR1u , uRusd2 . b2d,6

C1 = a8 −
a

2
Sb8

b
+

d8

d
D −

b2 − d2

4d
Sb8

b
−

d8

d
D ,

C2 =
b

2
Sb8

b
−

d8

d
D ,

C3 = −
1

2
Sb8

b
−

d8

d
Db2 − d2

2d
S 2ad

b2 + d2 − 1D , s46d

and

I1 =
1

8p
E

0

2p

dffQsfdg−1/2,

I2 =
1

8p
E

0

2p

df cosffQsfdg−1/2,

I3 =
1

8p
E

0

2p

dfs1 + v cosfd−1fQsfdg−1/2 s47d

with

v = − 2bd/sb2 + d2d . 0,

Qsfd = x2scosf − yz/x2d2 + sx2 − y2dsz2 − x2d/x2. s48d

Carrying out the integrations in Eq.s47d, we obtain ex-
plicitly for TùTcsHdsz.y.x.0d the resultf11g

I1 =
1

2psz2 − x2d1/2Kskd,

I2 =
1

2pyzsz2 − x2d1/2fz2Kskd + sy2 − z2dPsr,kdg,

I3 =
1

2psy + vzdsz2 − x2d1/2SyKskd +
vsz2 − y2d

z+ vy
Pss,kdD ,

s49d

where

k2 = sy2 − x2d/sz2 − x2d,

r = y2/z2,

s= svz+ yd2/sz+ vyd2 s50d

and K and P are elliptical integrals of the first and third
kinds, respectively,

Kskd =E
0

p/2 da

Î1 − k2sin2a
,

Psr,kd =E
0

p/2 da

s1 − r sin2adÎ1 − k2sin2a
. s51d

For TøTcsHdsy.z.x.0d we obtain the same result withy
andz interchanged.

The apparent nonanalyticity ofC0 at uR1u= uRu as indicated
in Eq. s46d is spurious. It can be shown that the combination
of C0+C3I3 is always analytic.

At the transition temperaturey=z sor k=1, r =1d both K
andP diverge as lnuT−TcsHdu. Applying Eq. s45d to the in-
ternal energys24d where the derivatives are with respect to
T, we obtain

UsHd = UcsHd + constuT − TcsHdulnuT − TcsHdu,

T → TcsHd. s52d

A further derivative ofUsHd as given by Eq.s26d gives the
specific heatCH. Thus, the energy is continuous atTcsHd
while the specific heat diverges logarithmically. These find-
ings, which are the same as those found in the Fisher model,
indicate the occurrence of a second-order transition along the
phase boundary in Fig. 3. We plotUsHd andCH respectively
in Figs. 4 and 5. For completeness, we derive the explicit
expression forUcsHd in the next section.

In the case of zero magnetic fieldH=a=0 andg=−1, the
internal energy assumes a simple expression given by

Us0d/J = − 1 + s1 + tanh 2KdS1 −
1

2
tanhR− f1 + 2scosh32R

− 3 cosh 2R− 2dI1gcoth 2RD s53d

with e−2R=e2R1=se4K+1d /2.

FIG. 4. EnergyU versus temperatureT sin units ofJ/kd at fixed
magnetic fieldH for g=−1. The dot-dashed line indicates the criti-
cal energyUc.
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V. DERIVATION OF Uc„H…

Define an auxiliary variable

waskd = sin−1Î 1 − a

1 − k2 . 0

which gives, fork2,r ,s given in Eq.s50d,

wrskd = sin−1Î1 −
x2

z2 ,

wsskd = sin−1Îs1 − v2dsz2 − x2d
sz+ vyd2 ,

wss1d = sin−1Î1 − v

1 + v
S1 −

x2

z2D, T = TcsHd, s54d

where the last line holds at the critical temperaturek=1 or
y=z.

For k2, r ,1 we havef12g

Psr,kd = Kskd +
p

2
Î r

s1 − rdsr − k2d
f1 − L0swr,kdg

whereL0 is Heuman’s Lambda function

L0sw,kd =
2

p
fKskdEsw,k8d − fKskd − EskdgFsw,k8dg

s55d

with k8=Î1−k2 and

Esw,kd =E
0

w

s1 − k2sin2ud1/2du,

Fsw,kd =E
0

w

s1 − k2sin2ud−1/2du. s56d

Particularly,

L0sw,1d =
2

p
w. s57d

At the critical pointk→1 or y→z, we have

sz2 − y2dPsr,kd = sz2 − y2dKskd +
pz2sz2 − x2d1/2

2x
S1 −

2

p
wrD ,

s58d

sz2 − y2dPss,kd = sz2 − y2dKskd

+
ps1 + vdz2sz2 − x2d1/2

2Îs1 − vdfs1 − vdx2 − 2vz2g
S1 −

2

p
wsD ,

s59d

and

I2 = I1 −
1

4x
S1 −

2

p
wrD ,

I3 =
1

1 + v
FI1 +

v

4Îs1 − vdfs1 − vdx2 + 2vz2g
S1 −

2

p
wsDG .

s60d

Let

q = sinh2R1 _
1

2
, uR1u _ uRu.

Then, at the critical temperatureTcsHd

v =
4q

1 + 4q2, x = 2s1 + qd,

y2 = z2 = 4s1 + qd2s1 + 2qd/q,

wr = sin−1Î 1 + q

1 + 2q

ws = sin−1F u2q − 1u
2q + 1

Î 1 + q

1 + 2q
G ,

I2 = I1 −
1

8s1 + qd
S1 −

2

p
wrD ,

I3 =
1 + 4q2

s1 + 2qd2FI1 +
q

2s1 + qdu1 − 2qus2q + 3d
S1 −

2

p
wsDG ,

s61d

and

C1 = −
sq + 1ds4q2 + 8q − 3d

2q

3Scoth 2R1
]R1

]K
− coth 2R

]R

]K
D ,

C2 = − 2s1 + qdScoth 2R1
]R1

]K
− coth 2R

]R

]K
D ,

FIG. 5. Specific heatCH as a function of temperatureT sin units
of J/kd at fixed magnetic fieldH for g=−1.
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C3 =
sq + 1ds2q − 1ds2q + 3ds2q + 1d2

2qs4q2 + 1d

3Scoth 2R1
]R1

]K
− coth 2R

]R

]K
D , s62d

where

]R1

]K
=

2se−4gKcsinh 4Kc − gd
e−4gKccosh 4Kc − 1

+
2g

e−4gKc − 1
,

]R

]K
= −

e−4gKcssinh 4Kc − 2g cosh22Kcd + a sinh 4aKc

2ssinh22aKc + e−4gKccosh22Kcd

+ a tanh 2aKc s63d

whereKc=J/kTcsHd. Combining these results, we obtain af-
ter some algebra the following expression for the energy at
the critical temperature:

UcsHd/J = − g − 2a tanh 2aKc −
1

2 sinh 2R1

]R1

]K
+

1

2
s2

− coth 2Rd
]R

]K
+

1

2p
swr ± wsdScoth 2R1

]R1

]K

− coth 2R
]R

]K
D ,

q _
1

2
. s64d

In the limit of g→0 for which R1→`, wr =ws=p /4, we
obtain

UcsHd/Jg=0 = − s2 −Î2da tanh 2aKc

−
1

2 −Î2

sinh 4Kc + a sinh 4aKc

sinh22aKc + cosh22Kc
s65d

which is the Fisher resultf1g. Particularly, forH=0, Eq.s65d
gives the value −2Î1+Î2.

VI. MAGNETIC PROPERTIES

For magnetic properties we take the derivative in Eq.s45d
with respect toH and obtain

MsHd = McsHd + const3 uT − TcsHdulnuT − TcsHdu,

T → TcsHd, s66d

whereMcsHd is the magnetization at the critical temperature
TcsHd given by

McsHd =
1

2
F1 −

1

p
swr ± wsdGs1 + e4Rdtanh 2aKc,

q _
1

2
. s67d

The magnetizationM is plotted in Figs. 6 and 7 versusT
and H, respectively, for g=−1. To analyze MsHd

;Msg ,a ,1 /Kd at low temperatures, we note that

Msg,a,0d = H0,a , 1 − g,

2,a . 1 − g.
J s68d

The value ofMsg ,a ,0d at a=1−g depends on how the zero
temperatureT=0 is approached. To see what happens we
write

asK,jd ; 1 − g −
j

4K
ln2sÎ2 + 1d s69d

where j is a parameter controlling the approach toT=0.
Particularly, the critical curves34d is indicated byj=1.
Along Eq. s69d and K→`, one hasR1.2K→` , tanhL
→1, and

e−4R = 1 + f2sÎ2 + 1dgj, K → `.

After some algebraic manipulation, we find

FIG. 6. MagnetizationM versus temperatureT sin unit of J/kd
at fixed magnetic fieldH for g=−1. The broken line indicates
McsHd.

FIG. 7. MagnetizationM versus magnetic fielda=H /2J at fixed
temperatureT for g=−1. The broken line indicatesMcsHd.
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msjd ; lim
K→`

Msg,asK,jd,1/Kd = se4R + 1dF1

2
+

e

p
s1

− kdKskdG s70d

with k=sinh2e2R. Heree=1 for jø1 while e=−1 for j.1.
We have

msjd = 0 sj = `d

=2 −Î2 sj = 1d

=
3

4
+

21

16p
KS1

8
D

. 1.408 836 sj = 0d

=2 sj = − `d. s71d

The susceptibilityxsg ,a ,K−1d, which is the further de-
rivative of s66d with respect toH, diverges logarithmically at
TcsHd for HÞ0. The susceptibilityx is plotted in Fig. 8
versus temperatureT for g=−1 anda=0,1/2. Thezero-field
susceptibility xsg ,0 ,K−1d is continuous. For example one
has forg=−1,

xs− 1,0,K−1d = 2K −
K

2
s1 − e4RdH2 −

3

2
coth 2R

+ coth 2Rf2 cosh 2Rs3 − sinh22Rd + 6gI1

+ sinh 4R I2J s72d

wheree−2R=se4K+1d /2. The expressions72d bears no direct

relation to the critical energys53d as found to exist in the
case ofg=0 f1g. By direct differentiation of Eq.s67d and
making use of Eq.s37d, we obtain the critical susceptibility

xsg,0,Kc
−1d =

1

2
KcF1 −

1

p
swr ± wsdG

3s1 + e4gKccosh−22Kcd, q _
1

2
. s73d
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